O MAPAMETPAX JTMHAMMWYECKHWX MO/JIEJIEM THK
SAxymesuu JI.B.
(ITymuno)

Marematuueckue moaenu nuHamuku JJHK conmepikat mapamert-
PBI, XapakTepu3yIollie BHYTPEHHHUE ABMKEHHS M B3aUMOJCHCTBHUS.
Haubonee BaxHbIE W3 HUX MacChl, MOMEHTHI WHEPIINH, PACCTOSHHI
MEXIY CTPYKTYPHBIMH 3JIEMEHTaMH, KO3()QUIMEHTH >KECTKOCTH.
Bri6op mapamMeTpoB M COOTHOIICHUH MEXIYy HUMH OYCHb BaXKHBI,
TTOCKOJIBKY OTIPEAEISIIOT BHI M XapakTep PEIICHHH COOTBETCTBYIO-
IIMX JUHAMUYECKUX ypaBHEHUH. B 310l paboTe MBI paccMaTpuBaem
mpobieMy BBIOOpa MapaMeTpoB M IOJydyaeM ONTHMANIbHBIN UX Ha-
6op.

ON THE PARAMETERS OF THE DYNAMICAL MODELS
OF DNA

Yakushevich L.V.
(Pushchino)

Mathematical models of the DNA dynamics contain parameters
characterizing the internal motions and interactions. The most im-
portant of them are mass, the moments of inertia, distances between
structural elements, coefficients of the rigidity. The choice of the pa-
rameters and the relations between them are very important because
they determine the type of the solutions of corresponding dynamical
equations. In this article we consider the problem of the choice of the
parameters and obtain an optimal set of them.

Introduction

Dynamics of DNA is widely considered as an important factor
that should be taken into account when studying the biological func-
tioning of the molecule. Many different models of the internal DNA
dynamics are known [1], and they all contain parameters characteriz-
ing the internal motions and interactions. The most important of
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them are mass of moving structural elements, distances between
them, the moments of inertia, coefficients of the rigidity. The values
of the parameters and the relations between them are very important
because they determine the type of the solutions of corresponding
dynamical equations. In this article we consider the problem of the
choice and estimation of the parameters and obtain an optimal set of
them. To be concrete, we consider the parameters of the mathemati-
cal model proposed in [2] to describe rotational motions of bases
around sugar-phosphate chains.

The dynamical model
Let us consider the homogeneous double chain consisting of only
AT base pairs

1-st chain: CAAAAAAAAAAAAAAAAAAAAAAA. ..
2-nd chai n: LATTErrrrrrrrrrrrrrrrrrT...

and write the model hamiltonian [2]

H:T+VH+VL; (1)
with the kinetic energy (T), the energy of interactions along the
chains (V|) and the energy of interactions between bases in pairs
(V) being determined by formulas

T = Z,{(my1,%/2) (d@n,1/dt)? + (myry?/2) (dyo/dt)*}; )
V= Za{(Kirr?) [1-008(@n,1 -@n1.1)] + (Kots®) [1- cos(@n2— @n12)]}3(3)

V= Zn(kiz) {11ty + r2)(1 = cos@y1) + 12 (11 + 12)(1 — cOSPr2) —

i1y [1 - cos(@n1 — ¢n2)]} “)
were ¢y ; is the angular displacement of the n-th base of the i-th chain
from its equilibrium position; r;, is the distance between the center of
mass of the i-th base and the nearest sugar-phosphate chain; a is the
distance between neighboring bases along the chains; m; is mass of
bases of the i-th chain; K; is the coupling constant along the sugar-
phosphate chain; k;; is the force constant that characterizes interac-
tions between bases in pairs; n =1, 2, ... N; i =1, 2. We suggest that
N is rather large integer, so the end effects can be neglected.

Dynamical equations corresponding to hamiltonian (1), can be
obtained from the equations of Hamilton
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doyi/dt =0 H/Opy,;; )

dpni/dt = — OH/0@n;; (6)
where impulses, p,;are determined by formula

Pni= OL/On; ()
and Lagrangian, L, by formula

L=T-V|-Vy (®)

Inserting (1) into (5) — (6) we obtain the dynamical equations
m; 1;” (d*,1/dt?) =
=K 1 [SIn(@n-1,1 -@n,1) — SIN(@n,1-@ue1,1)] — Ki-2 [11 (r17+12)singy,  —

1o018iN(QPn, 1-Pn2) ] )]
my 1y (A2, /dt?) =

= Ko 12 [SIn(@p.1.2 -Qn2) — SIN(Pr2-Prs1.2)] — K1 [12(11412)singy, 2 —
1o018IN(Pn 2-Pn 1) ] (10)

which describe rotational motions of bases around sugar-phosphate
chains.

Parameters

Mathematical model (9) — (10) contains the following parame-
ters:

* masses of bases (m;, my);

* distances between centers of mass of the bases and the nearest
sugar-phosphate chain (ry, ry);

* force constant that characterizes interaction between bases in
pairs (ki.2);

* coupling constant along the sugar-phosphate chains (K;, K5).

Let us estimate the parameters listed above and other physical
values related with them.

masses of bases (mj, mj)

Masses of bases (my, i = A,T,G,C) can be taken from any refer-
ence book on chemistry, where they are usually presented in terms of
mass of protons (m,).

ma=135,13 m,; mr=126,11 m,; mg=151,14 m,; mc=111.10 my; (11)
Inserting mass of proton
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m, = 1,67343 x 10*" kg; (12)
into (11) we obtain the following values for bases in AT chain

m;=ms= 226,13 x 10?7 kg; my=my=211,04 x 10" kg;  (13)
And for bases in GC chain we have

m;=mg = 252,92 x 10" kg; my=mc = 185,92 x 10?" kg.  (14)

b) distances between centers of mass of the bases and the near-
est sugar-phosphate chain (rj, r2); moments of inertia (I}, I,)

To estimate the distances, we used the data on the geometry of B-
DNA taken from the Data Bank of National Center for Biotechnol-
ogy (http://ncbi.nlm.nih.gov/Entrez) and adopted them to simplified
model (1). As a result, for AT chain we obtained the following val-
ues

n=ra=58A;n=rr=48A. (15)
And for GC chain we obtained
n=rs=57A;=rc=4,7A. (16)

Then the moments of inertia for bases in AT chain are
[;=I,=murA*=7607,03 m? kg; L=I=mqr>=4862,28 m*kg. (17)
And for bases in GC chain they are
[i=lg=mgrq’=8217,44 m? kg; I;=Ic=mcrc*=4106,93 m’ kg. (18)

the force constant (k) that characterizes interaction between
bases in pairs

To estimate the value ki, let us take into account that the inter-
actions between the bases in pairs are formed by two hydrogen
bonds in the case of AT chain and by three hydrogen bonds in the
case of GC chain. The energy required to broke one hydrogen bond
is equal to eg = 3+7 kcal/mol [3]. For calculations let us take the
value equal to gy = 5 kcal/mol (20,934 kJ/mol). So, the average
value of energy required to break and open one AT base pair is equal
to

eat = 2eg = 10 kcal/mol = 41,868 kJ/mol (19)
and to open one GC base pair we need the energy equal to
€gc = 3ey = 15 kecal/mol = 62,802 kJ/mol. (20)
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Let us take one base pair and suggest that the turn of A and T
bases equal to /2 is equivalent to the breaking of hydrogen bonds
between the bases. Then from formula (4) we obtain

eat = (kat) {ra(ra + rr)(1 — cosn/2) + rr (ra + rr)(1 — cosn/2) —
rart [1 — cos(n/2 — w/2)]} =

= (ta+ rp)’Kar. Q1)
And for GC base pair we have
gac = (16 + 1c)’Kac. (22)

Inserting (19) and (20) into (21) and (22) we find the value k.,
for AT and GC chains. Namely for AT chain we obtain

Ka.r= eat/(ta + r1)* = 0,062 N/m; (23)
and for GC chain we have
Ko.c = e6c/(tg + rc)* = 0,096 N/m. (24)

d)low frequency spectrum

To find the values of the low frequencies of the DNA spectrum,
let us consider linear approximation of the model equations (9) —
(10)

my 11 (d°Qn1/dt) = Ky 112 (Pn-1,1 -20n,1 +Pns1,1) — K12 [11 (11F12)@n 1

— 0211(Pn,1-Pn 2) ] (25)
m, 1y (dz(Pn,z/ dtz) =K, rzz((Pn-Lz “20n2 + Qnri12) — ki [2(11712)Pn 2
— 1o (P 2-Pn,1)]- (26)

Let us suggest that the solutions of the linear equations have the
form of plane waves

@1 = o1 expli(qz-wi)]; Pn2 = o2 expli(qz-wi)]; @7
where g and @, are the amplitudes, w is the frequency and q is the
wave vector.

Then insert (21) into (19) — (20). As a result we obtain algebraic
equations

{—W2m1 I']z + 2K1 r12[1 — cos(qa)] + k]_zl’](l‘]"‘rz) — k]_zl’zrl}(p(),]"‘

{kiarori f Qo2 = 0; (28)
{-Wzmz I'22 + 2K2 r22[1 — cos(qa)] + k]_zI‘z(I‘H‘I‘z) — k]_zrzrl}(p0,2+
tkiarar1}@o,1 = 0; (29)
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which have nontrivial solution if

{-m 12w A (q) 112} {-my 1% Wi AL(Q) 1} —{kianor }2=0.  (30)
where A1(q) = 2K, [1- cos(qa)] + ki2; 22(q) = 2Ks[1- cos(qa)] + kio.
Equation (30) determines the frequency of the plane waves w. The
equation can be rewritten in a simple form

apx” -bx + ¢ = 0; (31)
and its solution is determined by formula
X12 = [b £ (b* — 4aec)?]/2a. (32)

Here we used the following notations
X = Wz; dp = mjmp,
b =[m; Ax(q) + myAi(q)] = by + bi[1- cos(qa)];
by = ki (m; + my); by =2 (Kym; + K, my);
¢ = [M(@Aa(q) — (ki2)’] = ¢1 [1- cos(qa)] + ¢, [1- cos(qa)])*;
C = 2k1_2(K1 + Kz), Cr = 4K1K2.
If the wave vector q is small

X122 {[bot(b1/2) (qa)*J£[bot(1/2bo)(bobi-2 age1) (qa)’]}/2a0. (33)

For sign "-" we have

X1 = (qa)*(c1/2by); (34)
and for sign "+" we have

X2 = {2bg + [by -(ao/bo)c1)] (qa)*}/2ag. (33)

Then for frequencies w; and w, we obtain
w(small q)=(qa)(c1/2by)"* = (qa)[(K; + Kp)/(m; + mp)]'"%; (36)

wa(small q)=(bo/ag)>{1+(1/2) [(b1/2be)~(ap/2b>)c)] (qa)*]}. (37)

Formula (36) describes the acoustic branch in the spectrum of
DNA molecule, and formula (37) — the optical branch.
If g=0, we obtain that acoustic frequency is equal to zero

wi*(g=0) = w,“(q=0) = 0. (38)
Formula (37) gives a possibility to estimate the value of the low
frequency in the spectrum of DNA. Indeed, for AT chain we obtain

w>T(q=0) = [Kar (ma + mr)/mymy]"? = 0,75 x 1072 71 (39)
and for GC chain we have
w>%(q=0) = [kgc (mg + mc)/mgmc] 2 = 0,94 x 1072 s, (40)

201



Paszoen 2. Mamemamuueckoe modenuposanue 6 Xumuu, 6UOI02UY U MEOUYUHE

e) coupling constant along the first and second sugar-
phosphate chains (K;, K3)

Let us estimate now the sum (K; + K;). For the purpose, let us
take into account that the sound velocity in the double polynucleo-
tide chain is determined by

vo=dw(small q)/dg=(a)(c1/2b)" *=(a)[(K;+K,)/(m;+m,)]"%; (41)
Then from (41) we obtain

(K +Ky) = (vo/a®) (my + my). (42)
If we take vy = 1890 m/s [4], then for coupling constants of AT chain
we obtain

(Ka+ K1) = (vo*/a%) (ma + my) = 13,50 N/m; (43)
and for that of GC chain we have a very close value
(Kg+ Ke) = (vo*/a®) (mg+ me) = 13,56 N/m. (44)

P the torsion energy (per base pair)(€;3)

The torsion energy per base pair can be obtained from (3)

e = (1/2){(Kur1®) [2- cos(Pn1 - Pn1.1) — COS(Prer,1 — @n1)] +

+ (Kar2?) [2- cos(@n2 - Pn-12) — COS(Pni12- Pn2)]}; (45)
and from suggestion that angular displacements of bases equal to 7/2
are equivalent to the breaking of hydrogen bonds between the bases
in pairs. This gives us to obtain the following formula for €,

€= (1/2){(K;1,?) [2- cos(m/2 — 0) — cos(0- /2)] +

+(Koro?) [2- cos(m/2 — 0) — cos(0 — /2)]} = {K 1,2 + Koro?}.  (46)
Then for AT chain we obtain

€ ar= {Kara> + Kirr?} = 550,30 kcal/mol = 2304,01 kJ/mol; (47)
and for GC chain we have

€Gc= {KGrG2 + Kcrcz} = 532,27 kcal/mol = 2228,51 kJ/mol. (48)

2) the values of the frequencies when q = fwa
It is interesting to estimate the values of the frequencies when q =
tm/a. For the purpose we can use formula

wia(q=tn/a) = {[b + (b? — 4ayc)"?]/2a0} ', (49)
where x = w% ap = m; my; b = ki» (m; + mp) + 4 (Kymp + K; my);
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kl(q=iﬂ:/a) = 4K2 + k]_z; c= 16 K1K2 + 4 kl-Z(Kl + Kz)

For sign

nn

we have

wiat (q=tm/a) = 10,93910988739 x 10"'?s7;

Wige (q=+m/a) = 1,037316314872 x 107?57,
For sign "+" we obtain
waar (q=tm/a) = 11,32441846835 x 10"12 s7!;

Waae (q=tm/a) = 1,209934083308 x 10*'% s,

Conclusions
In this article we considered the parameters of the mathematical
model imitating rotational motions of bases around sugar-phosphate
chains. We obtained an optimal set of the parameters and presented
it in the table.

(50)
C2))

(52)
(53)

1 |ma 026,13 x 107 kg
D |my 211,04 x 10*" kg
3 |mg 252,92 x 10*" kg
4 imc 185,92 x 107" kg
5 Ira 5,8 A
6 T 4,8 A
7 I 5,7 A
8 Ir'c 4,7 A
N 7607,03 m’ kg
10 iy 4862,28 m’ k g
11 i 8217,44 m’ kg
12 [ic 4106,93 m” kg
13 ey 5 kcal/mol
14 |ear = 2en 10 kcal/mol = 41,868 kJ/mol
15 |egc=3en 15 kcal/mol = 62,802 kJ/mol
16 [kar=ear/(ra + rr) 0,062 N/m
17 kG-C = 8(;(7/(1‘@ + I‘C)2 0,096 N/m
18  |w1*"(q=0) (acoustic branch) 0
19 wlcc(q:O) (acoustic branch) 0
bo [V (@0 = [kar(mat mmame]'™ o oo e
(optic branch)
b1 V2 (@=0)= kae (ot me)mome] ™ o o) e o
(optic branch)
22 wiar (G=*m/a) 10,93910988739 x 10" s
23 |waar (g=tm/a) 11,32441846835 x 10"% s
R4 wige (q=tm/a) 1,037316314872 x 10"%s”
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25  Wwagce (q=tm/a) 1,209934083308 x 107% §°

26  |vo (Sound velocity) 1890 m/s

D7 |(Ka+Kp) = (vo'/a®) (ma+ mp) 13,50 N/m

28 |(Kg+Kc) = (vo/a®) (mg+ me) 13,56 N/m

29 lear= {Kara’ + Korv’ 550,30 keal/mol = 2304,01 kJ/mol

30 leac= {Karg' + Kerd') 532,27 keal/mol = 2228,51 kJ/mol
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