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Ⱦɚɧɧɚɹ ɪɚɛɨɬɚ ɩɨɫɜɹɳɟɧɚ ɢɫɩɨɥɶɡɨɜɚɧɢɸ ɫɝɥɚɠɢɜɚɸɳɢɯ S-ɫɩɥɚɣɧɨɜ 5-

ɣ ɫɬɟɩɟɧɢ. Ɍɚɤɢɟ ɫɩɥɚɣɧɵ ɹɜɥɹɸɬɫɹ ɤɭɫɨɱɧɨ-ɩɨɥɢɧɨɦɢɚɥɶɧɨɣ ɮɭɧɤɰɢɟɣ, 
ɩɪɢɱɟɦ ɩɟɪɜɵɟ ɬɪɢ ɤɨɷɮɮɢɰɢɟɧɬɚ ɤɚɠɞɨɝɨ ɩɨɥɢɧɨɦɚ, ɨɩɪɟɞɟɥɹɸɬɫɹ 
ɭɫɥɨɜɢɹɦɢ ɝɥɚɞɤɨɣ ɫɤɥɟɣɤɢ ɞɨ ɜɬɨɪɨɣ ɩɪɨɢɡɜɨɞɧɨɣ ɜɤɥɸɱɢɬɟɥɶɧɨ, ɚ ɨɫ-
ɬɚɥɶɧɵɟ ɬɪɢ – ɦɟɬɨɞɨɦ ɧɚɢɦɟɧɶɲɢɯ ɤɜɚɞɪɚɬɨɜ. ɋ ɩɨɦɨɳɶɸ ɬɚɤɢɯ 
ɫɩɥɚɣɧɨɜ ɫɬɪɨɹɬɫɹ ɤɜɚɞɪɚɬɭɪɧɵɟ ɢ ɤɭɛɚɬɭɪɧɵɟ ɮɨɪɦɭɥɵ 6-ɝɨ ɩɨɪɹɞɤɚ 
ɞɥɹ ɜɵɱɢɫɥɟɧɢɹ ɨɞɧɨ-, ɞɜɭɯ- ɢ ɬɪɟɯɦɟɪɧɵɯ ɢɧɬɟɝɪɚɥɨɜ ɜ ɨɞɧɨɫɜɹɡɧɨɣ ɨɛ-
ɥɚɫɬɢ. ɉɨɥɭɱɟɧɵ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɨɰɟɧɤɢ ɫɯɨɞɢɦɨɫɬɢ. 
 

 

ȼɜɟɞɟɧɢɟ. ȼ ɩɪɨɫɬɪɚɧɫɬɜɟ 3R  ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɨɝɪɚɧɢɱɟɧɧɚɹ ɨɛ-

ɥɚɫɬɶV  ɫ ɝɪɚɧɢɰɟɣ V∂=Γ . ɉɭɫɬɶ ɝɪɚɧɢɰɚ ɡɚɞɚɧɚ ɩɚɪɚɦɟɬɪɢɱɟɫɤɢ 
2:{( ( , ), ( , ), ( , )), ( , ) }x u v y u v z u v u v RΓ ∈Ω∈� � � , ɝɞɟ zyx ~,~,~  — ɡɚɞɚɧɧɵɟ ɮɭɧɤ-

ɰɢɢ. ȼ ɨɛɥɚɫɬɢ V  ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɝɥɚɞɤɚɹ ɮɭɧɤɰɢɹ )(6 Ω∈Cf , ɬ.ɟ. 
f ɢɦɟɟɬ ɨɝɪɚɧɢɱɟɧɧɵɟ ɲɟɫɬɵɟ ɱɚɫɬɧɵɟ ɩɪɨɢɡɜɨɞɧɵɟ. ȼ ɪɚɛɨɬɟ ɩɪɟɞɥɚ-
ɝɚɟɬɫɹ ɦɟɬɨɞ ɩɨɫɬɪɨɟɧɢɹ ɤɭɛɚɬɭɪɧɨɣ ɮɨɪɦɭɥɵ: 
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ɲɟɫɬɨɝɨ ɩɨɪɹɞɤɚ ɚɩɩɪɨɤɫɢɦɚɰɢɢ, ɝɞɟ kɫ  — ɜɟɫɚ, kP  — ɭɡɥɵ ɤɜɚɞɪɚɬɭɪ-
ɧɨɣ ɮɨɪɦɭɥɵ ɞɥɹ ɞɨɫɬɚɬɨɱɧɨ ɲɢɪɨɤɨɝɨ ɤɥɚɫɫɚ ɨɛɥɚɫɬɟɣ V  ɫ ɝɪɚɧɢɰɟɣ Γ . 

ȼ ɨɫɧɨɜɭ ɩɨɫɬɪɨɟɧɢɹ ɩɨɥɨɠɟɧɚ ɚɩɩɪɨɤɫɢɦɚɰɢɹ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ 
ɝɥɚɞɤɨɣ ɮɭɧɤɰɢɢ ),,( zyxf  ɩɨɥɭɥɨɤɚɥɶɧɵɦ ɫɝɥɚɠɢɜɚɸɳɢɦ ɫɩɥɚɣɧɨɦ 

ɢɥɢ S-ɫɩɥɚɣɧɨɦ ɤɥɚɫɫɚ 2ɋ , ɫɨɫɬɨɹɳɢɦ ɢɡ ɩɨɥɢɧɨɦɨɜ ɩɹɬɨɣ ɫɬɟɩɟɧɢ. 

ɉɪɨɛɥɟɦɚ, ɫ ɤɨɬɨɪɨɣ ɦɵ ɡɞɟɫɶ ɫɬɚɥɤɢɜɚɟɦɫɹ, ɫɨɫɬɨɢɬ ɢɡ ɞɜɭɯ ɦɨɦɟɧɬɨɜ. 
ȼɨ-ɩɟɪɜɵɯ, ɤɚɤ ɭɧɢɮɢɰɢɪɨɜɚɬɶ ɜɵɱɢɫɥɟɧɢɟ ɛɨɥɶɲɨɝɨ ɱɢɫɥɚ  ɬɚɤɢɯ ɢɧ-

ɬɟɝɪɚɥɨɜ ɩɨ ɡɚɞɚɧɧɨɣ ɨɛɥɚɫɬɢ. ȼɨ-ɜɬɨɪɵɯ, ɤɚɤ ɫ ɛɨɥɶɲɨɣ ɫɬɟɩɟɧɶɸ ɬɨɱ-

ɧɨɫɬɢ ɭɱɟɫɬɶ ɜɢɞ ɝɪɚɧɢɰɵ ɨɛɥɚɫɬɢ V . Ɂɞɟɫɶ ɦɵ ɷɬɢ ɩɪɨɛɥɟɦɵ ɪɟɲɚɟɦ, 

ɫɜɨɞɹ ɫ ɩɨɦɨɳɶɸ ɮɨɪɦɭɥɵ Ƚɚɭɫɫɚ-Ɉɫɬɪɨɝɪɚɞɫɤɨɝɨ ɢɧɬɟɝɪɚɥ ɩɨ ɨɛɥɚɫɬɢ 

V   ɤ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɦɭ ɢɧɬɟɝɪɚɥɭ ɩɨ ɝɪɚɧɢɰɟ ɨɛɥɚɫɬɢ V∂=Γ . ɉɨɞɨɛ-
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ɧɵɣ ɩɨɞɯɨɞ ɜɨɡɦɨɠɟɧ ɢ ɞɥɹ ɩɨɫɬɪɨɟɧɢɹ ɮɨɪɦɭɥ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɝɥɚɞ-

ɤɢɯ ɮɭɧɤɰɢɣ ɜ ɦɧɨɝɨɦɟɪɧɵɯ ɨɛɥɚɫɬɹɯ (ɫɦ. ɋɩɢɫɨɤ ɥɢɬɟɪɚɬɭɪɵ). 

Ɉɞɧɨɦɟɪɧɵɣ S-ɫɩɥɚɣɧ ɤɥɚɫɫɚ ɋ2 
. Ɋɚɫɫɦɨɬɪɢɦ ɧɚ ɨɬɪɟɡɤɟ [a,b] 

ɪɚɜɧɨɦɟɪɧɭɸ ɫɟɬɤɭ ,khaxk +=  Kk ,...,0= , Kabh /)( −=  — ɲɚɝ ɫɟɬɤɢ. 

Ɋɚɡɨɛɶɟɦ ɨɬɪɟɡɨɤ [a,b] ɧɚ ɝɪɭɩɩɵ, ɞɥɹ ɷɬɨɝɨ ɜɜɟɞɟɦ ɟɳɺ ɨɞɧɭ ɪɚɜɧɨɦɟɪ-
ɧɭɸ ɫɟɬɤɭ lHal +=ξ , ,mhH =  Zm∈ . Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɩɟɪɟɯɨɞɹ ɢɡ ɨɞ-
ɧɨɣ ɝɪɭɩɩɵ ɜ ɞɪɭɝɭɸ, ɦɵ ɨɫɭɳɟɫɬɜɥɹɟɦ ɫɞɜɢɝ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɢ ɪɚɫ-
ɫɦɚɬɪɢɜɚɟɦ ɤɚɠɞɵɣ  l -ɣ ɩɨɥɢɧɨɦ ɧɚ ɨɬɪɟɡɤɟ [0,H]. ɉɭɫɬɶ ɡɧɚɱɟɧɢɹ ɩɪɢ-

ɛɥɢɠɚɟɦɨɣ ɮɭɧɤɰɢɢ ɧɚ ɷɬɨɣ ɫɟɬɤɟ ( ) 1

0 1, , , K

Ky y y += ∈…y R . Ɉɛɨɡɧɚɱɢɦ: 
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ɦɧɨɠɟɫɬɜɨ ɩɨɥɢɧɨɦɨɜ ɫɬɟɩɟɧɢ 5 ɫ ɮɢɤɫɢɪɨɜɚɧɧɵɦɢ ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ 

210 ,, aaa . Ɋɚɫɫɦɨɬɪɢɦ ɮɭɧɤɰɢɨɧɚɥ: 
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ȼ ɤɥɚɫɫɟ n

SP  ɢɳɟɬɫɹ ɬɚɤɨɣ ɩɨɥɢɧɨɦ lg , ɤɨɬɨɪɵɣ ɦɢɧɢɦɢɡɢɪɭɟɬ ɮɭɧɤ-
ɰɢɨɧɚɥ 
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ɢ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɫɥɟɞɭɸɳɢɦ ɭɫɥɨɜɢɹɦ: 

( )110 −− −= lll

l ga ξξ = )(1 Hg l− , ( )Hga l

l

11 −′= , ( )Hga l

l

12
2

1
−′′= , (2) 

ɝɞɟ l  =  0,1,…, L-1. ɉɪɢ 0l = , ( ) =− Hg l 1 ( )Hg L 1−  — ɟɫɬɶ ɭɫɥɨɜɢɟ ɩɟɪɢɨ-
ɞɢɱɧɨɫɬɢ S-ɫɩɥɚɣɧɚ. Ɍɚɤ ɤɚɤ ( ),00 l

l ga = ( ),01 l

l ga ′= ( ) 2/02 l

l ga ′′= , ɬɨ ɭɫɥɨ-
ɜɢɹ (2) ɟɫɬɶ ɭɫɥɨɜɢɹ ɝɥɚɞɤɨɣ ɫɤɥɟɣɤɢ ɞɜɭɯ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɵɯ ɩɨɥɢɧɨɦɨɜ. 
ȼ ɧɟɩɟɪɢɨɞɢɱɟɫɤɨɦ ɫɥɭɱɚɟ ɤɨɷɮɮɢɰɢɟɧɬɵ 0

2

0

1

0

0 ,, aaa  ɡɚɞɚɸɬɫɹ ɧɚɱɚɥɶɧɵ-

ɦɢ ɭɫɥɨɜɢɹɦɢ 00 , yy ′ , 2/0y ′′ 1
. Ɂɞɟɫɶ L — ɱɢɫɥɨ ɝɪɭɩɩ, ɧɚ ɤɨɬɨɪɵɟ ɪɚɡɛɢɬɚ 

                                                 
1 ȼ ɫɥɭɱɚɟ ɟɫɥɢ ɮɭɧɤɰɢɹ ɡɚɞɚɧɚ ɬɚɛɥɢɰɟɣ, ɬɨ 00 , yy ′′′  ɦɨɠɧɨ ɜɵɱɢɫɥɢɬɶ ɫ ɩɨɦɨɳɶɸ 

ɮɨɪɦɭɥ ɱɢɫɥɟɧɧɨɝɨ ɞɢɮɮɟɪɟɧɰɢɪɨɜɚɧɢɹ ɜɵɫɨɤɨɝɨ ɩɨɪɹɞɤɚ ɚɩɩɪɨɤɫɢɦɚɰɢɢ, ɧɚɩɪɢɦɟɪ, 
),(/)1072225400450360147(

60
1 5

65432100 hOhyyyyyyyy ++−+−+−−=′

)(/)1379722970508052653132812(
180

1 42

65432100 hOhyyyyyyyy ++−+−+−=′′  

Силаев Д. А., Коротаев Д. О. — МКО – 2009, т. 2, стр. 20–38

Silaev D. A., Korotaev D. O. — MCE – 2009, v. 2, pp. 20–38
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ɢɫɯɨɞɧɚɹ ɬɚɛɥɢɰɚ ɡɧɚɱɟɧɢɣ ɩɪɢɛɥɢɠɚɟɦɨɣ ɮɭɧɤɰɢɢ ɢɥɢ ɱɢɫɥɨ ɩɨɥɢɧɨ-
ɦɨɜ, ɫɨɫɬɚɜɥɹɸɳɢɯ ɫɩɥɚɣɧ. Ʉɪɨɦɟ ɬɨɝɨ, ɡɞɟɫɶ  M+1 — ɤɨɥɢɱɟɫɬɜɨ ɬɨɱɟɤ 
ɨɫɪɟɞɧɟɧɢɹ, m+1 — ɤɨɥɢɱɟɫɬɜɨ  ɬɨɱɟɤ,  ɜɯɨɞɹɳɢɯ ɜ ɨɛɥɚɫɬɶ ɨɩɪɟɞɟɥɟɧɢɹ 
l-ɝɨ ɩɨɥɢɧɨɦɚ lg , lξ  — ɬɨɱɤɚ ɩɪɢɜɹɡɤɢ ɩɨɥɢɧɨɦɚ lg , M-m+1 — ɱɢɫɥɨ 
ɬɚɤɢɯ  ɬɨɱɟɤ, ɡɧɚɱɟɧɢɹ  ɤɨɬɨɪɵɯ ɭɱɚɫɬɜɭɸɬ ɩɪɢ ɨɩɪɟɞɟɥɟɧɢɢ ɞɜɭɯ ɫɨɫɟɞ-
ɧɢɯ ɩɨɥɢɧɨɦɨɜ, ɫɨɫɬɚɜɥɹɸɳɢɯ S-ɫɩɥɚɣɧ, 1+≥ mM . Ɇɨɠɧɨ ɩɪɟɞɩɨɥɚ-
ɝɚɬɶ, ɱɬɨ ɡɧɚɱɟɧɢɹ ɡɚɞɚɧɧɨɣ ɮɭɧɤɰɢɢ ky  ɢɡɜɟɫɬɧɵ ɫ ɧɟɤɨɬɨɪɨɣ ɬɨɱɧɨ-
ɫɬɶɸ, ɧɚɩɪɢɦɟɪ, ɨɧɢ ɟɫɬɶ ɪɟɡɭɥɶɬɚɬɵ ɤɚɤɢɯ-ɥɢɛɨ ɢɡɦɟɪɟɧɢɣ. Ȼɭɞɟɦ ɩɪɟɞ-
ɩɨɥɚɝɚɬɶ ɬɨɝɞɚ, ɱɬɨ ɫ ɭɦɟɧɶɲɟɧɢɟɦ ɲɚɝɚ h  ɛɭɞɟɬ ɭɜɟɥɢɱɢɜɚɬɶɫɹ ɬɨɱɧɨɫɬɶ 
ɢɡɦɟɪɟɧɢɹ, ɚ ɢɦɟɧɧɨ, ɛɭɞɟɦ ɩɪɟɞɩɨɥɚɝɚɬɶ, ɱɬɨ ɟɫɥɢ ɮɭɧɤɰɢɹ ],[6 baCf ∈  

ɡɚɞɚɧɚ ɜ ɭɡɥɚɯ ɪɚɜɧɨɦɟɪɧɨɣ ɫɟɬɤɢ ,khaxk +=  Kk ,...,0=  ɫɜɨɢɦɢ ɡɧɚɱɟ-
ɧɢɹɦɢ ky , ɬɨ 6)( Chxfy kk ≤− .  

Ɉɩɪɟɞɟɥɟɧɢɟ. S-ɫɩɥɚɣɧɨɦ ɧɚɡɨɜɟɦ ɮɭɧɤɰɢɸ )(, xS Mm , ɤɨɬɨɪɚɹ ɫɨɜ-
ɩɚɞɚɟɬ ɫ ɩɨɥɢɧɨɦɨɦ ( )lg x  ɧɚ ɨɬɪɟɡɤɟ 1l lxξ ξ +≤ < . 

Ɉɛɨɡɧɚɱɢɦ: ∑
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u

= − − − = − − −
= − − − = − − −
= − − −
= − − − = − − −

2 3 2 3

2 478 648 674 33 578 648 6753 6 10 , 1 3 6 10t m t m t m u t m t m t m= − − − = − − −

 (3) 

Ⱦɨɤɚɡɚɧɵ ɫɥɟɞɭɸɳɢɟ ɬɟɨɪɟɦɵ (ɋɢɥɚɟɜ, 2007): 
Ɍɟɨɪɟɦɚ 1. ɉɭɫɬɶ ɱɢɫɥɚ m  ɢ M 3≥  ɬɚɤɨɜɵ, ɱɬɨ ɫɨɛɫɬɜɟɧɧɵɟ 

ɱɢɫɥɚ ɦɚɬɪɢɰɵ U  (3) ɧɟ ɪɚɜɧɵ ɤɨɪɧɸ ɫɬɟɩɟɧɢ L  ɢɡ ɟɞɢɧɢɰɵ (ɡɞɟɫɶ L 

—ɱɢɫɥɨ ɩɨɥɢɧɨɦɨɜ, ɫɨɫɬɚɜɥɹɸɳɢɯ ɫɩɥɚɣɧ). Ɍɨɝɞɚ ɞɥɹ ɥɸɛɨɣ ɩɟɪɢɨɞɢ-

ɱɟɫɤɨɣ ɮɭɧɤɰɢɢ )(xf , ɡɚɞɚɧɧɨɣ ɧɚ ɨɬɪɟɡɤɟ ],[ ba  ɫɜɨɢɦɢ ɡɧɚɱɟɧɢɹɦɢ ky  

ɜ ɬɨɱɤɚɯ Kabhkhaxk /)(, −=+= , ɫɭɳɟɫɬɜɭɟɬ ɢ ɟɞɢɧɫɬɜɟɧɟɧ ɩɟɪɢɨɞɢ-

ɱɟɫɤɢɣ ɫɩɥɚɣɧ )]([, xyS Mm . 

Ɍɟɨɪɟɦɚ 2. ɉɭɫɬɶ ɩɟɪɢɨɞɢɱɟɫɤɚɹ ɮɭɧɤɰɢɹ ∈)(xf  ɋ ],[6 ba ɢ ɩɭɫɬɶ 
ɜɵɩɨɥɧɟɧɵ ɩɪɟɞɩɨɥɨɠɟɧɢɹ 0,)( 6 ≥≤− + εεChyxf kk . ɉɭɫɬɶ, ɤɪɨɦɟ ɬɨ-
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ɝɨ, ɫɨɛɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɦɚɬɪɢɰɵ U ɩɨ ɦɨɞɭɥɸ ɦɟɧɶɲɟ ɟɞɢɧɢɰɵ. Ɍɨɝɞɚ 
ɩɟɪɢɨɞɢɱɟɫɤɢɣ ɫɩɥɚɣɧ )(5

, xS Mm ɫ ɭɡɥɚɦɢ ɧɚ ɪɚɜɧɨɦɟɪɧɨɣ ɫɟɬɤɟ ɢɦɟɟɬ 

ɞɟɮɟɤɬ 3 (ɬ.ɟ. )(5

, xS Mm ∈ɋ2
],[ ba ) ɢ ɞɥɹ ],[ bax∈  ɫɩɪɚɜɟɞɥɢɜɵ ɫɥɟɞɭɸ-

ɳɢɟ ɨɰɟɧɤɢ: 

−)()( xf p )(5

, xS
dx

d
Mmp

p
p

phC −≤ 6   

5,4,3,2,1,0=p ; lx ξ≠  ɩɪɢ 5,4,3=p ; )()( )()( Ol

p

l

p +≡ ξϕξϕ . 

Ɍɟɨɪɟɦɚ 3. ɉɭɫɬɶ */ ζζ <= Mm . Ɍɨɝɞɚ ɩɪɢ ɞɨɫɬɚɬɨɱɧɨ ɦɚɥɵɯ m  

ɢ ɛɨɥɶɲɢɯ M  ɫɨɛɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɦɚɬɪɢɰɵ ɭɫɬɨɣɱɢɜɨɫɬɢ U ɩɨ ɦɨɞɭɥɸ 

ɦɟɧɶɲɟ ɟɞɢɧɢɰɵ. 

Ɍɚɛɥɢɰɚ 1. ɋɨɛɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɦɚɬɪɢɰɵ U. 

M m λ1 λ2 λ3 max |λi| m/M 

4 2 -0,008 -0,231-0,131i -0,231+0,131i 0,265 0,25 

5 3 -0,005 0,0549-0,201i 0,0549+0,201i 0,207 0,60 

6 2 0,0266 -0,285-0,129i -0,285+0,129i  0,312 0,33 

6 3 -0,008 -0,263-0,0463i -0,263+0,0463i 0,266 0,50 

7 2 0,0732 -0,167-0,305i -0,167+0,305i 0,347 0,285 

7 4 -0,0069 -0,0737-0,214i -0,0737+0,214i 0,226 0,571 

7 6 0,00218 0,116-0,207i 0,116+0,207i 0,237 0,857 

8 4 -0,0079 -0,265-0,031i -0,265+0,031i  0,266 0,50 

8 5 -0,00403 0,101-0,178i 0,101+0,178i  0,204 0,625 

8 7 0,00180 -0,0466-0,229i -0,0466+0,229i 0,233 0,875 

9 5 -0,00734 -0,124-0,201i -0,124+0,201i  0,235 0,555 

9 8 0,00134 -0,205-0,118i -0,205+0,118i  0,236 0,888 

10 5 -0,0078 -0,263-0,0407i  -0,263+0,0407i 0,266 0,50 

10 6 -0,0055 0,0182-0,213i 0,0182+0,213i 0,213 0,60 

11 7 -0,00322 0,141-0,147i 0,141+0,147i  0,203 0,636 

 

ɗɬɨ ɭɫɥɨɜɢɟ ɭɫɬɨɣɱɢɜɨɫɬɢ S-ɫɩɥɚɣɧɨɜ ɚɧɚɥɨɝɢɱɧɨ ɭɫɥɨɜɢɸ ɭɫɬɨɣ-

ɱɢɜɨɫɬɢ ɞɥɹ ɤɭɛɢɱɟɫɤɨɝɨ ɫɥɭɱɚɹ (ɋɢɥɚɟɜ ɢ əɤɭɲɢɧɚ, 1984; ɋɢɥɚɟɜ ɢ ɞɪ., 
2007). Ⱦɥɹ ɫɥɭɱɚɹ ɦɚɥɵɯ ɡɧɚɱɟɧɢɣ M (ɩɪɢ 203 ≤≤ M ) ɜ ɪɟɡɭɥɶɬɚɬɟ ɪɚɫ-
ɱɟɬɚ ɛɵɥɢ ɩɨɥɭɱɟɧɵ ɡɧɚɱɟɧɢɹ ɫɨɛɫɬɜɟɧɧɵɯ ɱɢɫɟɥ ɦɚɬɪɢɰɵ U . Ɉɤɚɡɚɥɨɫɶ, 
ɱɬɨ ɩɪɢ 1/ * <≤ ζMm  ɜɫɟ ɫɨɛɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɦɚɬɪɢɰɵ U ɦɟɧɶɲɟ ɟɞɢɧɢ-

ɰɵ. ɇɟɤɨɬɨɪɵɟ ɧɚɢɛɨɥɟɟ ɢɧɬɟɪɟɫɧɵɟ ɩɨɥɭɱɟɧɧɵɟ ɡɧɚɱɟɧɢɹ m  ɢ M , ɩɪɢ 
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ɤɨɬɨɪɵɯ ɞɨɫɬɢɝɚɸɬɫɹ ɧɚɢɦɟɧɶɲɢɟ ɡɧɚɱɟɧɢɹ iλmax  ɢ ɚɩɩɪɨɤɫɢɦɚɰɢɹ S-

ɫɩɥɚɣɧɚɦɢ ɭɫɬɨɣɱɢɜɚ, ɩɪɟɞɫɬɚɜɥɟɧɵ ɜ ɬɚɛɥɢɰɟ (ɬɚɛɥ. 1).  

Ⱥɧɚɥɨɝɢɱɧɵɟ ɬɟɨɪɟɦɵ ɞɨɤɚɡɚɧɵ ɢ ɞɥɹ ɧɟɩɟɪɢɨɞɢɱɟɫɤɨɝɨ ɫɥɭɱɚɹ.  

Ɍɟɨɪɟɦɚ 4. ɉɭɫɬɶ ɮɭɧɤɰɢɹ ∈)(xf ɋ ],[6 ba  ɢ ɩɭɫɬɶ 
0,)( 6 ≥≤− + εεChyxf kk . ɉɭɫɬɶ ɜɵɩɨɥɧɟɧɵ ɩɪɟɞɩɨɥɨɠɟɧɢɹ 

,)( 5

00

ε+≤′−′ Chyxf 0,)( 4

00 ≥≤′′−′′ + εεChyxf . ɉɭɫɬɶ, ɤɪɨɦɟ ɬɨɝɨ, ɫɨɛ-

ɫɬɜɟɧɧɵɟ ɱɢɫɥɚ ɦɚɬɪɢɰɵ U ɩɨ ɦɨɞɭɥɸ ɦɟɧɶɲɟ ɟɞɢɧɢɰɵ. Ɍɨɝɞɚ ɫɩɥɚɣɧ 

)(5

, xS Mm ɫ ɭɡɥɚɦɢ ɧɚ ɪɚɜɧɨɦɟɪɧɨɣ ɫɟɬɤɟ ɢɦɟɟɬ ɞɟɮɟɤɬ 3 (ɬ.ɟ. 

)(5

, xS Mm ∈ɋ2
],[ ba ) ɢ ɞɥɹ ],[ bax∈  ɫɩɪɚɜɟɞɥɢɜɵ ɫɥɟɞɭɸɳɢɟ ɨɰɟɧɤɢ: 

−)()( xf p )(5

, xS
dx

d
Mmp

p
p

phC −≤ 6   

5,4,3,2,1,0=p ; lx ξ≠  ɩɪɢ 5,4,3=p ; )()( )()( Ol

p

l

p +≡ ξϕξϕ . 

Ɏɭɧɞɚɦɟɧɬɚɥɶɧɵɣ S-ɫɩɥɚɣɧ ( )jB x  — ɷɬɨ ɩɟɪɢɨɞɢɱɟɫɤɢɣ ɢɥɢ 

ɧɟɩɟɪɢɨɞɢɱɟɫɤɢɣ S-ɫɩɥɚɣɧ, ɩɨɫɬɪɨɟɧɧɵɣ ɩɨ ɞɚɧɧɵɦ 
1

0 ),...,( +∈= K

K Ryyy  ɜɢɞɚ: { }, , 0, ,i ijy i j Kδ= = … . Ʌɟɝɤɨ ɜɢɞɟɬɶ, ɱɬɨ ɥɢ-

ɧɟɣɧɚɹ ɤɨɦɛɢɧɚɰɢɹ 
0

( ) ( )
K

j j

j

y B x S x
=

=∑  ɹɜɥɹɟɬɫɹ S-ɫɩɥɚɣɧɨɦ, ɩɪɢɛɥɢɠɚɸ-

ɳɢɦ ɧɚɱɚɥɶɧɵɟ ɞɚɧɧɵɟ { }0iy i … K, = , , . Ɂɚɦɟɬɢɦ, ɱɬɨ ɧɟɩɟɪɢɨɞɢɱɟɫɤɢɟ 
ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɟ ɫɩɥɚɣɧɵ ɞɨɩɨɥɧɹɸɬɫɹ ɫɩɥɚɣɧɚɦɢ ɫ ɧɚɱɚɥɶɧɵɦɢ ɭɫ-
ɥɨɜɢɹɦɢ 0y′ 0, y ′′ , ɩɪɢɧɢɦɚɸɳɢɦɢ ɡɧɚɱɟɧɢɹ 0 ɢɥɢ 1. 

Ɍɪɺɯɦɟɪɧɵɣ ɩɨɥɭɥɨɤɚɥɶɧɵɣ ɫɝɥɚɠɢɜɚɸɳɢɣ ɫɩɥɚɣɧ ɤɥɚɫɫɚ 
ɋ2

. ɉɨɫɬɪɨɟɧɢɟ S-ɫɩɥɚɣɧɚ ɧɚ ɲɚɪɟ. Ȼɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɧɚ ɲɚɪɟ ɪɚ-
ɞɢɭɫɚ R  ɫɮɟɪɢɱɟɫɤɢɟ ɫɟɬɤɢ:  

{ } { }
11 1 1 1 1 1, 0,1,..., , , 0,..., ,i lr ih i K R l H l L= = = =  

{ } { }
22 2 2 2 2 2, 0,1,..., , , 0,..., ,j ljh j K l H l Lθ = = Θ = =  (4) 

{ } { }
33 3 3 3 3 3, 0,1,..., , , 0,..., ,k lkh k K l H l Lϕ = = Φ = =  

ɝɞɟ 1 1 1 1 1 1 1 1, ,H m h K m L K h R= = = , 2 2 2 2 2 2, ,H m h K m L= =  2 2K h π= ,  

3 3 3 ,H m h=  3 3 3 3 3, 2K m L K h π= = . Ȼɭɞɟɦ ɫɬɪɨɢɬɶ ɚɩɩɪɨɤɫɢɦɚɰɢɸ ɮɭɧɤ-
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ɰɢɢ ),,( ϕθrf  ɧɚ ɲɚɪɟ ɩɪɢ ɭɫɥɨɜɢɢ, ɱɬɨ ɮɭɧɤɰɢɹ f  ɢɦɟɟɬ 6 ɩɪɨɢɡɜɨɞ-

ɧɵɯ ɩɨ ɩɟɪɟɦɟɧɧɵɦ r ,θ  ɢ ϕ , ɬɨ ɟɫɬɶ ]2,0[],0[],0[6 ππ ××∈ RCf . 

ɉɭɫɬɶ ),,,({ kjiijk rfy ϕθ=  ,,...,0 1Ki =  ,,...,0 2Kj =  },...,0 3Kk =  — 

ɡɧɚɱɟɧɢɹ ɜ ɭɡɥɚɯ ɫɟɬɤɢ, ɩɨ ɤɨɬɨɪɵɦ ɛɭɞɟɬ ɩɪɨɜɨɞɢɬɶɫɹ ɚɩɩɪɨɤɫɢɦɚɰɢɹ. 
Ⱦɥɹ ɤɚɠɞɨɣ ɩɚɪɵ ),( kj ϕθ  ( 2,...,1,0 Kj = ; 3,...,1,0 Kk = ) ɩɨɫɬɪɨɢɦ ɧɟɩɟ-
ɪɢɨɞɢɱɟɫɤɢɣ S-ɫɩɥɚɣɧ )(rS jk   ɧɚ ɨɬɪɟɡɤɟ ],0[ R  ɩɨ ɧɚɱɚɥɶɧɵɦ ɞɚɧɧɵɦ 

,{ ijky  },...,1,0 1Ki = . Ʉɚɠɞɵɣ ɢɡ ɷɬɢɯ ɫɩɥɚɣɧɨɜ ɚɩɩɪɨɤɫɢɦɢɪɭɟɬ ɮɭɧɤɰɢɸ 

),,( ϕθrf  ɧɚ ɨɬɪɟɡɤɟ ],0[ R , ɩɪɢɱɟɦ ɜ ɫɢɥɭ ɬɟɨɪɟɦɵ ɨ ɫɯɨɞɢɦɨɫɬɢ  

p

p

kj

p

p

jk Ch
r

rf
rS −<

∂

∂
− 6

1

)(
),,(

)(
ϕθ

. 5...,1,0=p , ],0[ Rr ∈  . 

Ⱦɚɥɟɟ, ɮɢɤɫɢɪɭɟɦ ɩɪɨɢɡɜɨɥɶɧɨɟ ],0[~ Rr ∈ . Ɋɚɫɫɦɨɬɪɢɦ ɧɚɛɨɪ 
},...,0,,...,0),~({ 32 KkKjrSz jkjk === . ɉɨ ɷɬɨɣ ɞɜɭɦɟɪɧɨɣ ɬɚɛɥɢɰɟ ɫɬɪɨ-

ɢɦ ɞɜɭɦɟɪɧɵɣ ɧɟɩɟɪɢɨɞɢɱɟɫɤɢɣ ɩɨ θ  ɢ ɩɟɪɢɨɞɢɱɟɫɤɢɣ ɩɨ ϕ  

−rS~ ɫɩɥɚɣɧ. ɉɪɢ ɜɵɩɨɥɧɟɧɢɢ ɭɫɥɨɜɢɣ ɭɫɬɨɣɱɢɜɨɫɬɢ ii Mm *ζ< ɫɨɛɫɬ-
ɜɟɧɧɵɟ ɡɧɚɱɟɧɢɹ ɦɚɬɪɢɰɵ U  ɩɨ ɦɨɞɭɥɸ ɛɭɞɭɬ ɦɟɧɶɲɟ ɟɞɢɧɢɰɵ. Ɍɨɝɞɚ, 
ɩɨɫɬɪɨɟɧɧɵɣ ɞɥɹ r~   ɫɩɥɚɣɧ ),(~ ϕθrS  ɛɭɞɟɬ ɚɩɩɪɨɤɫɢɦɢɪɨɜɚɬɶ ɮɭɧɤɰɢɸ 

),,~( ϕθrf  ɩɪɢ ]2,0[],0[),( ππϕθ ×∈  ɫ ɩɨɪɹɞɤɨɦ )( 6hO , )max( ihh = .  

ɋɯɨɞɢɦɨɫɬɶ S -ɫɩɥɚɣɧɚ. Ɉɛɨɡɧɚɱɢɦ )max( ihh = , 3,2,1=i .  

Ɍɟɨɪɟɦɚ 5. ɉɭɫɬɶ ii Mm *ζ< , 3,2,1=i  ɢ 

])2,0[],0[],0([6 ππ ××∈ RCf . Ɍɨɝɞɚ ɞɥɹ rS  — ɫɩɥɚɣɧɚ ɫɩɪɚɜɟɞɥɢɜɵ 

ɨɰɟɧɤɢ:  

p

pppp

p

ppp

p

hCrf
r

rS
r

−<
∂∂∂

∂
−

∂∂∂
∂ 6),,(),,(

321321

ϕθ
ϕθ

ϕθ
ϕθ

,  (5) 

ɝɞɟ 321 pppp ++= , .50 ≤≤ p   

Ɂɞɟɫɶ ɱɚɫɬɧɚɹ ɩɪɨɢɡɜɨɞɧɚɹ ɩɨɧɢɦɚɟɬɫɹ ɜ ɫɥɟɞɭɸɳɟɦ ɫɦɵɫɥɟ: 
ɫɩɥɚɣɧ )(rS jk , ɤɚɤ ɮɭɧɤɰɢɹ r , 1p  ɪɚɡ ɞɢɮɮɟɪɟɧɰɢɪɭɟɦ (ɜ ɫɥɭɱɚɟ 21 >p ɜ 
ɬɨɱɤɚɯ ɫɤɥɟɣɤɢ ɛɟɪɟɬɫɹ ɨɞɧɨɫɬɨɪɨɧɧɹɹ ɩɪɨɢɡɜɨɞɧɚɹ, ɧɚɩɪɢɦɟɪ, ɥɟɜɚɹ). 
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ɉɨ ɡɧɚɱɟɧɢɹɦ 
dr

rSd jk

p
)(1

 ɫɬɪɨɢɬɫɹ ɞɜɭɦɟɪɧɵɣ ɫɩɥɚɣɧ ),(1
~ ϕθp

rS , ɨɬ ɤɨɬɨ-

ɪɨɝɨ ɚɧɚɥɨɝɢɱɧɨ ɩɪɟɞɵɞɭɳɟɦɭ ɜɵɱɢɫɥɹɟɬɫɹ ɩɪɨɢɡɜɨɞɧɚɹ 
32

32

pp

pp

ϕθ ∂∂
∂ +

.  

  

ɉɨɥɭɱɟɧɢɟ S-ɫɩɥɚɣɧɚ ɧɚ ɲɚɪɟ ɤɚɤ ɹɜɧɨɣ ɮɭɧɤɰɢɢ ɬɪɺɯ ɩɟɪɟ-
ɦɟɧɧɵɯ. Ɉɛɨɡɧɚɱɢɦ )(),(),( ϕθ kji CBrA ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɟ ɫɩɥɚɣɧɵ ɩɨ 
ɚɪɝɭɦɟɧɬɚɦ ϕθ ,,r . 

{ }
3 32 2 1

31 2

2 3

1 1

0 0 0 0 0

1

0 0 0

( , , ) ( ) { ( ), 0,..., , 0,..., }

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

jk jk jk

K KK K K

jk jk j k j k ijk i

j k j k i

KK K

ijk i j k

i j k

S r S r z S r j K k K

S r z B C B C y A r

y A r B C

θ ϕ

θ ϕ θ ϕ

θ ϕ

− −

= = = = =

−

= = =

= = = = =

= = = =

=

∑∑ ∑∑ ∑

∑∑∑

 (6) 

Ɍɟɩɟɪɶ ɪɚɫɫɦɨɬɪɢɦ ɭɤɪɭɩɧɟɧɧɭɸ ɫɟɬɤɭ ɜ ɲɚɪɟ ),,( kjiR ΦΘ , ɝɞɟ 

321 ,, kHjHiHR kji =Φ=Θ= . Ɋɚɫɫɦɨɬɪɢɦ ɜɢɞ S-ɫɩɥɚɣɧɚ ɜ ɧɟɤɨɬɨɪɨɦ 

ɩɪɨɢɡɜɨɥɶɧɨɦ ɲɚɪɨɜɨɦ ɫɟɤɬɨɪɟ ɷɬɨɣ ɫɟɬɤɢ: rHlr ~
11 += , θθ ~

22 += Hl , 

ϕϕ ~
33 += Hl , ɝɞɟ 1

~0 Hr <≤ , 2

~
0 H<≤ θ  ɢ 3

~0 H<≤ ϕ . ȼ ɷɬɨɦ ɫɟɤɬɨɪɟ 
ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɟ S-ɫɩɥɚɣɧɵ ɫɨɝɥɚɫɧɨ ɨɩɪɟɞɟɥɟɧɢɸ ɩɪɟɞɫɬɚɜɥɹɸɬɫɹ ɜ 
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Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɩɨɤɚɡɚɧɨ, ɱɬɨ ɧɚ ɤɚɠɞɨɦ ɩɪɨɢɡɜɨɥɶɧɨɦ ɲɚɪɨɜɨɦ 

ɫɟɤɬɨɪɟ ɮɭɧɤɰɢɹ ),,( ϕθrS  ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɩɨɥɢɧɨɦ ɩɹɬɨɣ ɫɬɟɩɟɧɢ 

ɢɥɢ ɫɩɥɚɣɧ-ɮɭɧɤɰɢɸ ɬɪɺɯ ɩɟɪɟɦɟɧɧɵɯ. Ɂɚɦɟɬɢɦ, ɱɬɨ ɜ ɜɵɪɚɠɟɧɢɹ ɞɥɹ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ 321 lll

pqsd  ɜɯɨɞɹɬ ɡɧɚɱɟɧɢɹ ɜɫɟɯ ijky , ɫɨɞɟɪɠɚɳɢɯɫɹ ɜ ɲɚɪɟ. 
Ⱥɧɚɥɨɝɢɱɧɵɟ ɜɵɪɚɠɟɧɢɹ ɦɨɠɧɨ ɩɨɥɭɱɢɬɶ ɞɥɹ ɜɫɟɯ ɦɧɨɝɨɦɟɪɧɵɯ ɨɛɥɚɫ-
ɬɟɣ, ɩɪɟɞɫɬɚɜɥɹɸɳɢɯ ɫɨɛɨɣ ɬɟɧɡɨɪɧɵɟ ɩɪɨɢɡɜɟɞɟɧɢɹ ɨɞɧɨɦɟɪɧɵɯ, ɧɚ-
ɩɪɢɦɟɪ, ɞɥɹ ɩɚɪɚɥɥɟɥɟɩɢɩɟɞɚ ɢ ɬɨɪɚ. 
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ɨɞɧɨɦɟɪɧɵɦ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɦ ɫɩɥɚɣɧɚɦ (6) ɩɨɡɜɨɥɹɟɬ ɨɩɪɟɞɟɥɢɬɶ 
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ɞɨɤ ɚɩɩɪɨɤɫɢɦɚɰɢɢ, ɧɚɩɪɢɦɟɪ, ɫɧɚɱɚɥɚ ɩɨɫɬɪɨɢɬɶ ɩɟɪɢɨɞɢɱɟɫɤɢɣ 
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ɗɬɢ ɮɨɪɦɭɥɵ ɢɦɟɸɬ 6-ɣ ɩɨɪɹɞɨɤ ɚɩɩɪɨɤɫɢɦɚɰɢɢ. 

Силаев Д. А., Коротаев Д. О. — МКО – 2009, т. 2, стр. 20–38

Silaev D. A., Korotaev D. O. — MCE – 2009, v. 2, pp. 20–38

27



ɉɨɥɭɱɟɧɢɟ ɤɜɚɞɪɚɬɭɪɧɵɯ ɮɨɪɦɭɥ ɞɥɹ ɞɜɭɦɟɪɧɵɯ ɢɧɬɟɝɪɚɥɨɜ 

ɧɚ  ɤɪɭɝɟ K. ɉɨɞɫɬɚɜɢɦ ɜ ɢɧɬɟɝɪɚɥ ɩɨ ɟɞɢɧɢɱɧɨɦɭ ɤɪɭɝɭ K  ɜɵɪɚɠɟɧɢɟ 
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0, ɥɢɛɨ 1. ɂ ɧɚɤɨɧɟɰ, ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɣ ɩɟɪɢɨɞɢɱɟɫɤɢɣ ɫɩɥɚɣɧ )(ϕiC  
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π
=  . 

Ʉɜɚɞɪɚɬɭɪɧɵɟ ɮɨɪɦɭɥɵ ɞɥɹ ɞɜɭɦɟɪɧɵɯ ɨɞɧɨɫɜɹɡɧɵɯ ɨɛɥɚɫ-
ɬɟɣ. ɇɚ ɩɥɨɫɤɨɫɬɢ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɨɝɪɚɧɢɱɟɧɧɚɹ ɨɛɥɚɫɬɶΩ  ɫ ɝɪɚɧɢ-

ɰɟɣ Ω∂=γ , ɝɞɟ γ  — ɡɚɦɤɧɭɬɚɹ ɫɚɦɨɧɟɩɟɪɟɫɟɤɚɸɳɚɹɫɹ ɤɭɫɨɱɧɨ-ɝɥɚɞɤɚɹ 
ɤɪɢɜɚɹ. ɉɪɟɞɩɨɥɚɝɚɟɬɫɹ, ɱɬɨ ɝɪɚɧɢɰɚ ɡɚɞɚɧɚ ɩɚɪɚɦɟɬɪɢɱɟɫɤɢ: 

{ =γ { )(~),(~ tytx }, ],[ βα∈t }, ɝɞɟ yx ~,~ ε+∈ 1C  — ɡɚɞɚɧɧɵɟ ɩɟɪɢɨɞɢɱɟɫɤɢɟ 
ɮɭɧɤɰɢɢ, ɬ.ɟ. ),(~)(~ βα xx = )(~)(~ βα yy = , ɩɟɪɜɵɟ ɩɪɨɢɡɜɨɞɧɵɟ ɮɭɧɤ-
ɰɢɣ yx ~,~  ɭɞɨɜɥɟɬɜɨɪɹɸɬ ɭɫɥɨɜɢɸ Ƚɟɥɶɞɟɪɚ ɫ ɩɨɪɹɞɤɨɦ 0>ε  (ɛɵɬɶ ɦɨ-
ɠɟɬ, ɡɚ ɢɫɤɥɸɱɟɧɢɟɦ ɨɬɞɟɥɶɧɵɯ ɬɨɱɟɤ). ȼ ɨɛɥɚɫɬɢ Ω  ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ 
ɝɥɚɞɤɚɹ ɮɭɧɤɰɢɹ )(6 Ω∈Cf . ɉɨɫɬɪɨɟɧɢɟ ɚɩɩɪɨɤɫɢɦɢɪɭɸɳɟɣ ɫɟɬɤɢ ɛɭ-

ɞɟɦ ɩɪɨɢɡɜɨɞɢɬɶ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ. ɉɨɦɟɫɬɢɦ ɨɛɥɚɫɬɶ Ω  ɜ ɤɪɭɝ K  

ɪɚɞɢɭɫɚ R ɢ ɜɜɟɞɺɦ ɩɨɥɹɪɧɭɸ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ, ɫɜɹɡɚɧɧɭɸ ɫ ɰɟɧɬɪɨɦ 

ɤɪɭɝɚ. Ȼɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɧɚ ɤɪɭɝɟ ɪɚɞɢɭɫɚ R ɩɨɥɹɪɧɵɟ ɫɟɬɤɢ:  

1 1 2 1

2 2 2 2

1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2

{ , 0,1,..., },{ , 0,1,..., },

{ , 0,1,..., },{ , 0,1,..., },
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r ih i K R lH l L

jh j K kH k L

H m h K m L K h R H m h K m L K h

ϕ
π

= = = =
= = Φ = =
= = = = = =

 (9) 

Ȼɭɞɟɦ ɩɪɟɞɩɨɥɚɝɚɬɶ, ɱɬɨ ɮɭɧɤɰɢɹ f  ɩɪɨɞɨɥɠɟɧɚ ɜ ɤɪɭɝ ɪɚɞɢɭɫɚ R ɫ ɫɨ-
ɯɪɚɧɟɧɢɟɦ ɝɥɚɞɤɨɫɬɢ. ȼ ɞɚɥɶɧɟɣɲɟɦ, ɦɵ ɩɨɤɚɠɟɦ, ɱɬɨ ɩɨɥɭɱɚɸɳɚɹɫɹ 
ɤɜɚɞɪɚɬɭɪɧɚɹ ɮɨɪɦɭɥɚ ɧɟ ɡɚɜɢɫɢɬ ɨɬ ɫɩɨɫɨɛɚ ɩɪɨɞɨɥɠɟɧɢɹ. Ȼɭɞɟɦ ɫɱɢ-

ɬɚɬɶ, ɱɬɨ ɡɚɞɚɧɚ ɝɥɚɞɤɚɹ ɮɭɧɤɰɢɹ )(),( 6 KCru ∈ϕ , ɤɨɬɨɪɚɹ ɫɨɜɩɚɞɚɟɬ ɫ 
ɮɭɧɤɰɢɟɣ f ɜ ɨɛɥɚɫɬɢ Ω . ɉɭɫɬɶ ),( jiij ruu ϕ=  — ɫɭɠɟɧɢɟ ɮɭɧɤɰɢɢ u  

ɧɚ ɪɚɜɧɨɦɟɪɧɭɸ ɫɟɬɤɭ (9). ɉɨ ɬɚɛɥɢɰɟ ɡɧɚɱɟɧɢɣ iju ɫɬɪɨɢɦ ɩɨɥɭɥɨɤɚɥɶ-
ɧɵɣ ɫɝɥɚɠɢɜɚɸɳɢɣ ɫɩɥɚɣɧ ),( ϕrS , ɫɨɫɬɨɹɳɢɣ ɢɡ ɩɨɥɢɧɨɦɨɜ ɩɹɬɨɣ 

ɫɬɟɩɟɧɢ, ɧɚɩɪɢɦɟɪ, ϕ−r -ɫɩɥɚɣɧ, ɨɩɪɟɞɟɥɟɧɧɵɣ ɧɚ ɜɫɟɦ ɤɪɭɝɟ K. ɂɡ 
ɨɰɟɧɤɢ (5) ɫɥɟɞɭɟɬ, ɱɬɨ S ɚɩɩɪɨɤɫɢɦɢɪɭɟɬ ɮɭɧɤɰɢɸ f  ɫ ɩɨɪɹɞɤɨɦ 

)( 6hO , ɝɞɟ ),max( 21 hhh =  ɜ ɨɛɥɚɫɬɢ Ω . ɉɨɞɫɬɚɜɢɦ ɜ ɢɧɬɟɝɪɚɥ ɩɨ ɨɛ-

ɥɚɫɬɢ Ω  ɜɵɪɚɠɟɧɢɟ ɞɥɹ ϕ−r  - ɫɩɥɚɣɧɚ ɜ ɜɢɞɟ (6):  
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ɝɞɟ ( ) ( )ij

i jc C D r rdrdϕ ϕ
Ω

= ∫∫  (10) 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɜɵɪɚɠɟɧɢɟ ɜ (10), ɫɬɨɹɳɟɟ ɩɨɞ ɡɧɚɤɨɦ ɢɧɬɟɝɪɚɥɚ, ɱɬɨ 
ɜɟɫɶɦɚ ɫɭɳɟɫɬɜɟɧɧɨ, ɟɫɬɶ ɩɪɨɢɡɜɟɞɟɧɢɟ ɮɭɧɤɰɢɣ, ɤɚɠɞɚɹ ɢɡ ɤɨɬɨɪɵɯ 
ɡɚɜɢɫɢɬ ɥɢɲɶ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ. ɉɪɢɦɟɧɹɬɶ ɮɨɪɦɭɥɵ ɬɢɩɚ (7) ɫɬɚ-
ɧɨɜɢɬɫɹ ɧɟɭɞɨɛɧɨ, ɬɚɤ ɤɚɤ ɝɪɚɧɢɰɚ γ  ɛɭɞɟɬ ɩɪɨɯɨɞɢɬɶ ɜɧɭɬɪɢ ɱɚɫɬɢ 

ɫɟɤɬɨɪɨɜ (ɫɦ. ɩ. ɉɨɥɭɱɟɧɢɟ S-ɫɩɥɚɣɧɚ ɧɚ ɲɚɪɟ ɤɚɤ ɹɜɧɨɣ ɮɭɧɤɰɢɢ ɬɪɺɯ 
ɩɟɪɟɦɟɧɧɵɯ). ɉɪɨɢɡɜɟɞɟɦ ɭɧɢɜɟɪɫɚɥɢɡɚɰɢɸ ɜɵɱɢɫɥɟɧɢɹ ɢɧɬɟɝɪɚɥɨɜ ɜ 
(10). Ⱦɥɹ ɢɯ ɜɵɱɢɫɥɟɧɢɹ ɩɪɢɦɟɧɢɦ ɮɨɪɦɭɥɭ Ƚɪɢɧɚ-ɋɬɨɤɫɚ: 

∫
γ

( a
G

, ∫∫
Ω

Ω= dkarotds ),()
GGGτ , 

ɝɞɟ }0,,{ QPa =
G

, ),,( yxPP =  ),( yxQQ = ,τG  — ɟɞɢɧɢɱɧɵɣ ɜɟɤɬɨɪ ɤɚɫɚ-
ɬɟɥɶɧɨɣ ɤ ɤɪɢɜɨɣ γ , ɨɝɪɚɧɢɱɢɜɚɸɳɟɣ ɨɛɥɚɫɬɶ Ω , k

G
 — ɟɞɢɧɢɱɧɵɣ ɜɟɤ-

ɬɨɪ, ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɵɣ ɩɥɨɫɤɨɫɬɢ ɨɛɥɚɫɬɢ Ω . Ʌɢɧɟɣɧɚɹ ɮɨɪɦɚ ɢɦɟɟɬ ɜɢɞ 
ϕτ ϕdrQdrPQdyPdxdsa r +=+=),(

GG
, 

ɝɞɟ ϕϕ sincos QPPr += , ϕϕϕ cossin QPQ +−= . ȼɵɪɚɠɟɧɢɟ ɞɥɹ ɪɨɬɨɪɚ 
ɜ ɩɨɥɹɪɧɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ: 
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Ɉɬɫɸɞɚ ɩɨɥɭɱɚɟɦ, ɱɬɨ  
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∂

−
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rQ

rr

1
)(

1
= )()( rDC ji ϕ . (11) 

ɗɬɨɦɭ ɭɪɚɜɧɟɧɢɸ ɭɞɨɜɥɟɬɜɨɪɹɸɬ 

0=rP , ∫=
r

ji tdttDC
r

Q
0

)()(
1 ϕϕ . 

ɂɧɵɦɢ ɫɥɨɜɚɦɢ, ɜ ɤɚɱɟɫɬɜɟ ɮɭɧɤɰɢɢ r ),( rQ ϕϕ  ɜɨɡɶɦɟɦ ɩɟɪɜɨɨɛɪɚɡɧɭɸ 

ɨɬ ɮɭɧɤɰɢɢ )(rrD j  (ɩɨ r ), ɭɦɧɨɠɟɧɧɭɸ ɧɚ )(ϕiɋ . Ɂɚɦɟɬɢɦ, ɱɬɨ ɷɬɚ ɩɟɪ-
ɜɨɨɛɪɚɡɧɚɹ ɟɫɬɶ ɫɩɥɚɣɧ, ɫɨɫɬɨɹɳɢɣ ɢɡ ɩɨɥɢɧɨɦɨɜ ɫɟɞɶɦɨɣ ɫɬɟɩɟɧɢ. 

Силаев Д. А., Коротаев Д. О. — МКО – 2009, т. 2, стр. 20–38

Silaev D. A., Korotaev D. O. — MCE – 2009, v. 2, pp. 20–38
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Ʉɨɧɫɬɚɧɬɭ ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ ɜ ɩɟɪɜɨɨɛɪɚɡɧɨɣ ɜɵɛɟɪɟɦ ɬɚɤ, ɱɬɨɛɵ 

.0)0,( =ϕϕQ  Ɉɬɫɸɞɚ ɩɨɥɭɱɚɟɦ 

ϕϕ
γ

dtdttDCc

r

ji

ij ))()((
0

∫ ∫=   (12) 

Ɉɛɪɚɬɢɦ ɜɧɢɦɚɧɢɟ, ɱɬɨ ɧɟɩɟɪɢɨɞɢɱɟɫɤɢɣ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɣ ɫɩɥɚɣɧ 

)(rD j =0 ɩɪɢ jrr < , ɟɫɥɢ ɬɨɱɤɚ ɫ ɤɨɨɪɞɢɧɚɬɚɦɢ ),( ji rϕ  ɧɟ ɩɪɢɧɚɞɥɟɠɢɬ 
ɧɟɤɨɬɨɪɨɣ ɨɛɥɚɫɬɢ Ω⊃Ωδ . ɉɨɷɬɨɦɭ 0),( =ϕϕ rQ  ɩɪɢ jrr < . ɂɬɚɤ, ɩɨ-

ɤɚɡɚɧɨ, ɱɬɨ ɜɫɟ ɤɨɷɮɮɢɰɢɟɧɬɵ ijc  ɪɚɜɧɵ ɧɭɥɸ ɞɥɹ ɬɚɤɢɯ ɩɚɪ ),( ji , ɩɪɢ 

ɤɨɬɨɪɵɯ ɬɨɱɤɢ ɫ ɤɨɨɪɞɢɧɚɬɚɦɢ ),( ijr ϕ δΩ∉ , ɝɞɟ ),,( hmMδδ = . 

ɑɚɫɬɧɵɣ ɫɥɭɱɚɣ «ɩɪɨɫɬɨɣ» ɞɜɭɦɟɪɧɨɣ ɨɛɥɚɫɬɢ. Ɉɛɥɚɫɬɶ ɧɚɡɨ-
ɜɺɦ «ɩɪɨɫɬɨɣ», ɟɫɥɢ ɜɧɭɬɪɢ ɟɺ ɧɚɣɞɺɬɫɹ ɬɚɤɚɹ ɬɨɱɤɚ, ɱɬɨ ɥɸɛɨɣ ɥɭɱ, 
ɜɵɩɭɳɟɧɧɵɣ ɢɡ ɧɟɺ, ɩɟɪɟɫɟɱɺɬ ɝɪɚɧɢɰɭ ɨɛɥɚɫɬɢ ɬɨɥɶɤɨ ɜ ɨɞɧɨɣ ɬɨɱɤɟ. 
ɉɨɦɟɫɬɢɦ ɧɚɱɚɥɨ ɤɨɨɪɞɢɧɚɬ ɜ ɷɬɭ ɬɨɱɤɭ ɢ ɜɜɟɞɺɦ ɩɨɥɹɪɧɭɸ ɫɢɫɬɟɦɭ 
ɤɨɨɪɞɢɧɚɬ. Ɍɨɝɞɚ ɝɪɚɧɢɰɚ γ  ɨɛɥɚɫɬɢ Ω  ɡɚɞɚɟɬɫɹ ɮɭɧɤɰɢɟɣ =r )(ϕr , 

]2,0[ πϕ ∈ . Ɂɚɮɢɤɫɢɪɭɟɦ ɧɟɤɨɬɨɪɨɟϕ . ɉɭɫɬɶ jmlj ′+= 1 , mj <′≤0 , ɬ.ɟ. 
);[ 111 +∈ lljr ξξ , ɚ );[)( 122 +∈ llr ξξϕ  (ɡɚɦɟɬɢɦ, ɱɬɨ )(22 ϕll =  ɡɚɜɢɫɢɬ ɨɬ ɭɝɥɚ 
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qb  — p-ɣ ɢ q-ɣ ɤɨɷɮɮɢɰɢɟɧɬɵ n -ɝɨ 

ɢ s -ɝɨ ɩɨɥɢɧɨɦɨɜ ɜ i -ɦ ɢ j -ɦ ɮɭɧɞɚɦɟɧɬɚɥɶɧɨɦ ɩɟɪɢɨɞɢɱɟɫɤɨɦ ɫɩɥɚɣɧɟ 
ɧɚ ɨɤɪɭɠɧɨɫɬɢ [0 2 ]π,  ɢ ɧɟɩɟɪɢɨɞɢɱɟɫɤɨɦ ɫɩɥɚɣɧɟ ɧɚ ɨɬɪɟɡɤɟ ];0[ R , 
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π
= . Ɏɭɧɞɚɦɟɧɬɚɥɶɧɵɣ ɩɟɪɢɨɞɢɱɟɫɤɢɣ ɫɩɥɚɣɧ )(ϕiC  ɫɬɪɨɢɬɫɹ ɩɨ 

ɧɚɛɨɪɭ ɞɚɧɧɵɯ { },...,1,0, 1Kky ikk == δ ; 
2
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1

L
H = , ɧɟɩɟɪɢɨɞɢɱɟɫɤɢɣ ɮɭɧ-

ɞɚɦɟɧɬɚɥɶɧɵɣ ɫɩɥɚɣɧ )(rD j  ɫɬɪɨɢɬɫɹ ɩɨ ɧɚɛɨɪɭ ɞɚɧɧɵɯ 
},;,...,1,0,{ 002 yyKky jkk
′′′== δ , ɝɞɟ 00 , yy ′′′  ɩɪɢɧɢɦɚɸɬ ɡɧɚɱɟɧɢɹ ɥɢɛɨ 0, 

ɥɢɛɨ 1. 

Ɉɰɟɧɤɚ ɬɨɱɧɨɫɬɢ ɤɜɚɞɪɚɬɭɪɧɨɣ ɮɨɪɦɭɥɵ ɞɥɹ ɞɜɭɦɟɪɧɵɯ ɨɞ-
ɧɨɫɜɹɡɧɵɯ ɨɛɥɚɫɬɟɣ. Ɉɛɨɡɧɚɱɢɦ 1 2( )h max h h= , . ɉɭɫɬɶ ɜɵɩɨɥɧɟɧɵ ɭɫ-
ɥɨɜɢɹ ɭɫɬɨɣɱɢɜɨɫɬɢ ɦɚɬɪɢɰɵ U , ɧɚɩɪɢɦɟɪ, 1 1m M ς∗< , 2 2m M ς∗< , ɢ 

ɩɭɫɬɶ )(6

δΩ∈Cf , ɝɞɟ Ω⊃Ωδ , ɬ.ɟ. ɦɵ ɩɪɟɞɩɨɥɚɝɚɟɦ, ɱɬɨ ɮɭɧɤɰɢɹ 
f ɨɩɪɟɞɟɥɟɧɚ ɢ ɲɟɫɬɶ ɪɚɡ ɧɟɩɪɟɪɵɜɧɨ ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɚ ɜ ɧɟɫɤɨɥɶɤɨ 
ɛɨɥɶɲɟɣ ɨɛɥɚɫɬɢ Ω⊃Ωδ . ɉɨɦɟɫɬɢɦ ɨɛɥɚɫɬɶ δΩ ɜ ɤɪɭɝ K ɪɚɞɢɭɫɚ R. 

ȼɜɟɞɟɦ ɩɨɥɹɪɧɭɸ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ, ɜɡɹɜ ɡɚ ɧɚɱɚɥɨ ɤɨɨɪɞɢɧɚɬ ɰɟɧɬɪ 
ɤɪɭɝɚ Ʉ. ɉɪɨɞɨɥɠɢɦ ɮɭɧɤɰɢɸ f ɜ δΩ\K ɬɨɠɞɟɫɬɜɟɧɧɵɦ ɧɭɥɟɦ. Ɉɛɨ-
ɡɧɚɱɢɦ ( )S rϕ,  — ϕ−r -ɫɩɥɚɣɧ, ɩɪɢɛɥɢɠɚɸɳɢɣ ɬɚɤɢɦ ɨɛɪɚɡɨɦ ɩɪɨ-
ɞɨɥɠɟɧɧɭɸ ɮɭɧɤɰɢɸ f  ɧɚ ɤɪɭɝɟ K. 

Ɍɟɨɪɟɦɚ 6. ɉɭɫɬɶ ( )S rϕ,  — ϕ−r -ɫɩɥɚɣɧ, ɩɪɢɛɥɢɠɚɸɳɢɣ 

ɮɭɧɤɰɢɸ f , ɩɭɫɬɶ ),()( γγρ δ≤+ hmM . Ɂɞɟɫɶ ),( γγρ δ  — ɪɚɫɫɬɨɹɧɢɟ 
ɦɟɠɞɭ ɝɪɚɧɢɰɚɦɢ ɨɛɥɚɫɬɟɣ δΩ ɢ Ω  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. Ɍɨɝɞɚ ɫɩɪɚɜɟɞɥɢɜɚ 
ɨɰɟɧɤɚ: 
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Ɂɞɟɫɶ ),( jiij rfy ϕ= - ɡɧɚɱɟɧɢɹ ɮɭɧɤɰɢɢ f  ɜ ɭɡɥɚɯ ɫɟɬɤɢ, ɜɟɫɨɜɵɟ ɤɨɷɮ-

ɮɢɰɢɟɧɬɵ ijɫ ɨɩɪɟɞɟɥɟɧɵ ɮɨɪɦɭɥɚɦɢ (10)-(13), ɫɭɦɦɢɪɨɜɚɧɢɟ ɩɪɨɢɡɜɨ-
ɞɢɬɫɹ ɥɢɲɶ ɩɨ ɬɟɦ ɢɧɞɟɤɫɚɦ i ɢ j , ɞɥɹ ɤɨɬɨɪɵɯ δϕ Ω∈),( ji r . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. Ɂɚɦɟɬɢɦ, ɱɬɨ ∑∑
−
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ijc , ɬ.ɤ. ( )S rϕ, ≡ 1, ɟɫɥɢ 

1≡f . ɂɡ (5) ɫɥɟɞɭɟɬ, ɱɬɨ  6

00),(),( hCrfrS <− ϕϕ . ɉɨɷɬɨɦɭ  
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iij ))()((
1

0 0
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ϕ  

ɉɨɫɥɟɞɧɟɟ ɫɥɚɝɚɟɦɨɟ ɪɚɜɧɨ ɧɭɥɸ, ɬɚɤ ɤɚɤ )(ϕiC 0)( =rD j ɜ ɨɛɥɚɫɬɢΩ  

ɞɥɹ ɬɟɯ ɩɚɪ ɢɧɞɟɤɫɨɜ i  ɢ j , ɞɥɹ ɤɨɬɨɪɵɯ δϕ Ω∉),( ji r .  

ȿɫɥɢ ɡɚɞɚɧɧɭɸ ɮɭɧɤɰɢɸ f ɩɪɢɛɥɢɠɚɬɶ rϕ − -ɫɩɥɚɣɧɨɦ, ɬɨ ɨɰɟɧɤɚ 
(14) ɬɚɤɠɟ ɛɭɞɟɬ ɫɩɪɚɜɟɞɥɢɜɚ, ɬɚɤ ɤɚɤ ɧɚ ɤɪɭɝɟ K  ɨɧ ɨɬɥɢɱɚɟɬɫɹ ɨɬ 
r ϕ− -ɫɩɥɚɣɧɚ ɧɚ ɜɟɥɢɱɢɧɭ )( 6hO . 

Ʉɭɛɚɬɭɪɧɵɟ ɮɨɪɦɭɥɵ ɞɥɹ ɬɪɟɯɦɟɪɧɵɯ ɨɞɧɨɫɜɹɡɧɵɯ ɨɛɥɚɫɬɟɣ. 

ȼ ɩɪɨɫɬɪɚɧɫɬɜɟ 3R  ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɨɝɪɚɧɢɱɟɧɧɚɹ ɨɛɥɚɫɬɶ V  ɫ ɝɪɚɧɢ-

ɰɟɣ V∂=Γ , ɝɞɟ Γ  — ɡɚɦɤɧɭɬɚɹ ɫɚɦɨɧɟɩɟɪɟɫɟɤɚɸɳɚɹɫɹ ɤɭɫɨɱɧɨ-
ɝɥɚɞɤɚɹ ɩɨɜɟɪɯɧɨɫɬɶ. ɉɪɟɞɩɨɥɚɝɚɟɬɫɹ, ɱɬɨ ɝɪɚɧɢɰɚ ɡɚɞɚɧɚ ɩɚɪɚɦɟɬɪɢɱɟ-
ɫɤɢ: { }Ω∈====Γ ),();,(),,(),,( vuvuzvuyyvuxx , ɝɞɟ zyx ,, ε+∈ 1C  — 

ɡɚɞɚɧɧɵɟ ɮɭɧɤɰɢɢ, ɬ.ɟ. ɩɟɪɜɵɟ ɩɪɨɢɡɜɨɞɧɵɟ ɮɭɧɤɰɢɣ zyx ,,  ɭɞɨɜɥɟɬɜɨ-
ɪɹɸɬ ɭɫɥɨɜɢɸ Ƚɟɥɶɞɟɪɚ ɫ ɩɨɪɹɞɤɨɦ 0>ε  (ɛɵɬɶ ɦɨɠɟɬ, ɡɚ ɢɫɤɥɸɱɟɧɢɟɦ 

ɨɬɞɟɥɶɧɵɯ ɬɨɱɟɤ). ȼ ɨɛɥɚɫɬɢ V  ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɝɥɚɞɤɚɹ ɮɭɧɤɰɢɹ 
)(6 VCf ∈ . ɉɨɫɬɪɨɟɧɢɟ ɚɩɩɪɨɤɫɢɦɢɪɭɸɳɟɣ ɫɟɬɤɢ ɛɭɞɟɦ ɩɪɨɢɡɜɨɞɢɬɶ 

ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ. ɉɨɦɟɫɬɢɦ ɨɛɥɚɫɬɶ V  ɜ ɲɚɪ B  ɪɚɞɢɭɫɚ R ɢ ɜɜɟɞɺɦ 

ɫɮɟɪɢɱɟɫɤɭɸ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ, ɫɜɹɡɚɧɧɭɸ ɫ ɰɟɧɬɪɨɦ ɲɚɪɚ. Ȼɭɞɟɦ 
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ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɜ ɲɚɪɟ ɪɚɞɢɭɫɚ R ɫɮɟɪɢɱɟɫɤɢɟ ɫɟɬɤɢ (4). Ȼɭɞɟɦ ɩɪɟɞɩɨ-
ɥɚɝɚɬɶ, ɱɬɨ ɮɭɧɤɰɢɹ f  ɩɪɨɞɨɥɠɟɧɚ ɜ ɲɚɪ ɪɚɞɢɭɫɚ R ɫ ɫɨɯɪɚɧɟɧɢɟɦ 

ɝɥɚɞɤɨɫɬɢ. Ȼɭɞɟɦ ɫɱɢɬɚɬɶ, ɱɬɨ ɡɚɞɚɧɚ ɝɥɚɞɤɚɹ ɮɭɧɤɰɢɹ 
)(),,( 6 BCru ∈ϕθ , ɤɨɬɨɪɚɹ ɫɨɜɩɚɞɚɟɬ ɫ ɮɭɧɤɰɢɟɣ f ɜ ɨɛɥɚɫɬɢ V . ɉɭɫɬɶ 
),,( kjiijk ruu ϕθ=  — ɫɭɠɟɧɢɟ ɮɭɧɤɰɢɢ u  ɧɚ ɪɚɜɧɨɦɟɪɧɭɸ ɫɟɬɤɭ (4). ɉɨ 

ɬɚɛɥɢɰɟ ɡɧɚɱɟɧɢɣ ijku  ɫɬɪɨɢɦ ɩɨɥɭɥɨɤɚɥɶɧɵɣ ɫɝɥɚɠɢɜɚɸɳɢɣ ɫɩɥɚɣɧ 

),,( ϕθrS , ɫɨɫɬɨɹɳɢɣ ɢɡ ɩɨɥɢɧɨɦɨɜ ɩɹɬɨɣ ɫɬɟɩɟɧɢ, ɨɩɪɟɞɟɥɟɧɧɵɣ ɧɚ 
ɜɫɟɦ ɲɚɪɟ B . ɂɡ ɨɰɟɧɤɢ (5) ɫɥɟɞɭɟɬ, ɱɬɨ S ɚɩɩɪɨɤɫɢɦɢɪɭɟɬ ɮɭɧɤɰɢɸ f  

ɫ ɩɨɪɹɞɤɨɦ )( 6hO , ɝɞɟ ),,max( 321 hhhh =  ɜ ɨɛɥɚɫɬɢ V . ɉɨɞɫɬɚɜɢɦ ɜ ɢɧ-

ɬɟɝɪɚɥ ɩɨ ɨɛɥɚɫɬɢ V  ɜɵɪɚɠɟɧɢɟ ɞɥɹ  S - ɫɩɥɚɣɧɚ ɜ ɜɢɞɟ (6):  

ϕθθϕθϕθ ddrdrrSdVrS
V V

sin),,(),,( 2∫∫∫ ∫∫∫= = 
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ɝɞɟ ϕθθϕθ ddrdrCBrAc
V

kji

ijk sin)()()( 2∫∫∫=  (15) 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɜɵɪɚɠɟɧɢɟ ɜ (15), ɫɬɨɹɳɟɟ ɩɨɞ ɡɧɚɤɨɦ ɢɧɬɟɝɪɚɥɚ, ɱɬɨ 
ɜɟɫɶɦɚ ɫɭɳɟɫɬɜɟɧɧɨ, ɟɫɬɶ ɩɪɨɢɡɜɟɞɟɧɢɟ ɮɭɧɤɰɢɣ, ɤɚɠɞɚɹ ɢɡ ɤɨɬɨɪɵɯ 
ɡɚɜɢɫɢɬ ɥɢɲɶ ɨɬ ɨɞɧɨɣ ɩɟɪɟɦɟɧɧɨɣ. ɉɪɢɦɟɧɹɬɶ ɮɨɪɦɭɥɵ ɬɢɩɚ (8) ɫɬɚ-
ɧɨɜɢɬɫɹ ɧɟɭɞɨɛɧɨ, ɬɚɤ ɤɚɤ ɝɪɚɧɢɰɚ Γ  ɛɭɞɟɬ ɩɪɨɯɨɞɢɬɶ ɜɧɭɬɪɢ ɱɚɫɬɢ 

ɲɚɪɨɜɵɯ ɫɟɤɬɨɪɨɜ (ɫɦ. ɩ. Ʉɭɛɚɬɭɪɧɵɟ ɮɨɪɦɭɥɵ ɞɥɹ ɬɪɟɯɦɟɪɧɵɯ ɢɧɬɟ-
ɝɪɚɥɨɜ ɧɚ ɲɚɪɟ). ɉɪɨɢɡɜɟɞɟɦ ɭɧɢɜɟɪɫɚɥɢɡɚɰɢɸ ɜɵɱɢɫɥɟɧɢɹ ɢɧɬɟɝɪɚɥɨɜ 
ɜ (15). Ⱦɥɹ ɢɯ ɜɵɱɢɫɥɟɧɢɹ ɩɪɢɦɟɧɢɦ ɮɨɪɦɭɥɭ Ƚɚɭɫɫɚ-Ɉɫɬɪɨɝɪɚɞɫɤɨɝɨ: 
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(ɜ ɫɮɟɪɢɱɟɫɤɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ). ȼɵɛɟɪɟɦ 
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Ɍɨɝɞɚ  drrrA
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)(∫  - ɩɟɪɜɨɨɛɪɚɡɧɚɹ ɨɬ 

ɮɭɧɤɰɢɢ 2)( rrAi . ɗɬɚ ɩɟɪɜɨɨɛɪɚɡɧɚɹ ɹɜɥɹɟɬɫɹ ɫɩɥɚɣɧɨɦ, ɫɨɫɬɨɹɳɢɦ ɢɡ 
ɩɨɥɢɧɨɦɨɜ ɜɨɫɶɦɨɣ ɫɬɟɩɟɧɢ. Ɉɬɫɸɞɚ ɩɨɥɭɱɚɟɦ 

=ijkc dSnPdSna rr∫∫ ∫∫
Γ Γ

=),(
GG

  (16) 

ɝɞɟ dS  — ɷɥɟɦɟɧɬ ɩɨɜɟɪɯɧɨɫɬɢ Γ , rn  — ɩɟɪɜɚɹ ɤɨɦɩɨɧɟɧɬɚ ɟɞɢɧɢɱɧɨ-
ɝɨ ɜɟɤɬɨɪɚ ɜɧɟɲɧɟɣ ɧɨɪɦɚɥɢ ɤ ɩɨɜɟɪɯɧɨɫɬɢ Γ . Ɉɛɪɚɬɢɦ ɜɧɢɦɚɧɢɟ, ɱɬɨ 
ɧɟɩɟɪɢɨɞɢɱɟɫɤɢɣ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɣ ɫɩɥɚɣɧ )(rAi =0 ɩɪɢ irr < , ɟɫɥɢ 

ɬɨɱɤɚ ɫ ɤɨɨɪɞɢɧɚɬɚɦɢ ),,( kjir ϕθ  ɧɟ ɩɪɢɧɚɞɥɟɠɢɬ ɧɟɤɨɬɨɪɨɣ ɨɛɥɚɫɬɢ 

VV ⊃δ . ɉɨɷɬɨɦɭ 0),,( =ϕθrPr  ɩɪɢ irr < .  

ɑɚɫɬɧɵɣ ɫɥɭɱɚɣ «ɩɪɨɫɬɨɣ» ɬɪɟɯɦɟɪɧɨɣ ɨɛɥɚɫɬɢ. Ɉɛɥɚɫɬɶ ɧɚɡɨ-
ɜɺɦ «ɩɪɨɫɬɨɣ», ɟɫɥɢ ɜɧɭɬɪɢ ɟɺ ɧɚɣɞɺɬɫɹ ɬɚɤɚɹ ɬɨɱɤɚ, ɱɬɨ ɥɸɛɨɣ ɥɭɱ, 
ɜɵɩɭɳɟɧɧɵɣ ɢɡ ɧɟɺ, ɩɟɪɟɫɟɱɺɬ ɝɪɚɧɢɰɭ ɨɛɥɚɫɬɢ ɬɨɥɶɤɨ ɜ ɨɞɧɨɣ ɬɨɱɤɟ. 
ɉɨɦɟɫɬɢɦ ɧɚɱɚɥɨ ɤɨɨɪɞɢɧɚɬ ɜ ɷɬɭ ɬɨɱɤɭ ɢ ɜɜɟɞɺɦ ɫɮɟɪɢɱɟɫɤɭɸ ɫɢɫɬɟɦɭ 

ɤɨɨɪɞɢɧɚɬ. Ɍɨɝɞɚ ɩɨɜɟɪɯɧɨɫɬɶ Γ  — ɝɪɚɧɢɰɚ ɨɛɥɚɫɬɢ V  ɡɚɞɚɟɬɫɹ 
ɮɭɧɤɰɢɟɣ ),( ϕθRr = , [ ]πθ ,0∈ , ]2,0[ πϕ ∈ . ɇɚɣɞɟɦ ɜɵɪɚɠɟɧɢɟ ɞɥɹ 
ɷɥɟɦɟɧɬɚ ɩɨɜɟɪɯɧɨɫɬɢ dS  ɜ ɷɬɨɦ ɫɥɭɱɚɟ. ȼɵɱɢɫɥɢɦ ɝɚɭɫɫɨɜɫɤɢɟ 
ɤɨɷɮɮɢɰɢɟɧɬɵ GFE ,, . ɂɦɟɟɦ: 

),(,cos,sinsin,cossin ϕθθϕθϕθ Rrrzryrx ====   

Ɇɚɬɪɢɰɚ 
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⎠

⎞
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⎝
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′′′

ϕϕϕ

θθθ

zyx

zyx
 

( sin cos )cos ( sin cos )sin cos sin

sin cos cos sin sin sin cos cos cos

R R R R R R

R R R R R

θ θ θ

ϕ ϕ ϕ

θ θ ϕ θ θ ϕ θ θ
θ ϕ θ ϕ θ ϕ θ ϕ θ

+ + −⎛ ⎞
⎜ ⎟− +⎝ ⎠
Ɉɬɫɸɞɚ 

( ) ( ) 22222
)( RRzyxE +=′+′+′= θθθθ , ϕθϕθϕθϕθ RRzzyyxxF =′′+′′+′′= ,

θϕϕϕϕ
222222 sin)()()( RRzyxG +=′+′+′= . 

ɗɥɟɦɟɧɬ ɩɨɜɟɪɯɧɨɫɬɢ Γ : 

ϕθθϕθ θϕ ddRRRRddFEGdS 22222 sin)( ++=−= . 
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ɇɚɣɞɟɦ ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɜɧɟɲɧɟɣ ɧɨɪɦɚɥɢ ɤ ɩɨɜɟɪɯɧɨɫɬɢ Γ . Ƚɪɚɧɢɰɚ 
ɨɛɥɚɫɬɢ V ɩɨɜɟɪɯɧɨɫɬɶ Γ ɹɜɥɹɟɬɫɹ ɩɨɜɟɪɯɧɨɫɬɶɸ ɭɪɨɜɧɹ 

0),(),,( =−=Φ ϕθϕθ Rrr . ȼ ɫɮɟɪɢɱɟɫɤɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ 

⎭
⎬
⎫

⎩
⎨
⎧ ΦΦΦ=Φ ϕθ θsin

1
,

1
,

rr
grad r =

⎭
⎬
⎫

⎩
⎨
⎧ − ϕθ θ

R
r

R
r sin

1
,

1
,1 . ɇɚ ɩɨɜɟɪɯɧɨɫɬɢ Γ  

ɩɟɪɜɚɹ ɤɨɦɩɨɧɟɧɬɚ ɜɟɤɬɨɪɚ ɜɧɟɲɧɟɣ ɧɨɪɦɚɥɢ 
2222 sin)(/)sin( ϕθ θθ RRRRnr ++= . ɉɨ ɮɨɪɦɭɥɟ (16) ɨɬɫɸɞɚ ɩɨɥɭɱɚ-

ɟɦ: 

∫∫∫∫
ΩΓ

Ω=++= dRPdSRRRRPc rr

ijk θθθ ϕθ sinsin)(/)sin( 22222  

Ɂɞɟɫɶ Ω  — ɰɢɥɢɧɞɪ ɪɚɡɦɟɪɚ [ ] [ ]ππ 2,0,0 ×  (ɜɯɨɞɹɳɢɟ ɜ ɮɨɪɦɭɥɭ ɮɭɧɤ-
ɰɢɢ ɹɜɥɹɸɬɫɹ ɩɟɪɢɨɞɢɱɟɫɤɢɦɢ ɩɨ ɩɟɪɟɦɟɧɧɨɣ ϕ  ɫ ɩɟɪɢɨɞɨɦ π2 ). ɉɨɞ-

ɫɬɚɜɥɹɹ ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɤɨɦɩɨɧɟɧɬɵ rP , ɨɤɨɧɱɚɬɟɥɶɧɨ ɩɨɥɭɱɢɦ: 

ϕθϕθθθ
ϕθπ π

dddrrArCBdRPc i

R

kjr

ijk ))(()(sin)(sin

),(

0

2

0

2

0

2 ∫∫∫ ∫ ∫
Ω

=Ω=  (17) 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɜɯɨɞɹɳɢɣ ɜ ɮɨɪɦɭɥɭ (17) ɞɜɭɦɟɪɧɵɣ ɢɧɬɟɝɪɚɥ ɦɨɠɟɬ ɛɵɬɶ 
ɜɵɱɢɫɥɟɧ ɫ ɩɨɦɨɳɶɸ ɞɜɭɦɟɪɧɨɣ ɤɜɚɞɪɚɬɭɪɵ (ɫɦ. ɩ. ɑɚɫɬɧɵɣ ɫɥɭɱɚɣ 

«ɩɪɨɫɬɨɣ» ɞɜɭɦɟɪɧɨɣ ɨɛɥɚɫɬɢ), ɚ ɬɚɤɠɟ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɤɜɚɞɪɚɬɭɪɵ 

ɛɟɡ ɧɚɫɵɳɟɧɢɹ. ȼ ɩɨɫɥɟɞɧɟɦ ɫɥɭɱɚɟ ɭɡɥɵ ɤɜɚɞɪɚɬɭɪɧɨɣ ɮɨɪɦɭɥɵ ɩɨ ɩɟ-
ɪɟɦɟɧɧɨɣ ϕ  ɜ ɧɟɣ ɪɚɫɩɪɟɞɟɥɟɧɵ ɪɚɜɧɨɦɟɪɧɨ, ɚ ɭɡɥɵ ɩɨ ɩɟɪɟɦɟɧɧɨɣ θ  

— ɩɨ ɧɭɥɹɦ ɩɨɥɢɧɨɦɚ ɑɟɛɵɲɟɜɚ (Ȼɚɛɟɧɤɨ, 2002). 

Ɍɟɨɪɟɦɚ 7. ɉɭɫɬɶ ),,( ϕθrS  — ɩɨɥɭɥɨɤɚɥɶɧɵɣ ɫɝɥɚɠɢɜɚɸɳɢɣ 

ɫɩɥɚɣɧ, ɩɪɢɛɥɢɠɚɸɳɢɣ ɮɭɧɤɰɢɸ f , ɩɭɫɬɶ ),()( γγρ δ≤+ hmM . Ɂɞɟɫɶ 
),( γγρ δ - ɪɚɫɫɬɨɹɧɢɟ ɦɟɠɞɭ ɝɪɚɧɢɰɚɦɢ ɨɛɥɚɫɬɟɣ δV ɢ V  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. 

Ɍɨɝɞɚ ɫɩɪɚɜɟɞɥɢɜɚ ɨɰɟɧɤɚ: 

6

0 0

1
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1 2 3

),,(( Chycrf
V

ijk

K

i

K

j

K

k

ijk ≤−∫∫∫ ∑∑∑
= =

−

=

ϕθ    

Ɂɞɟɫɶ ),,( kjiijk rfy ϕθ= - ɡɧɚɱɟɧɢɹ ɮɭɧɤɰɢɢ f  ɜ ɭɡɥɚɯ ɫɟɬɤɢ, ɜɟɫɨɜɵɟ ɤɨ-

ɷɮɮɢɰɢɟɧɬɵ ijkɫ ɨɩɪɟɞɟɥɟɧɵ ɮɨɪɦɭɥɚɦɢ (16),(17), ɫɭɦɦɢɪɨɜɚɧɢɟ ɩɪɨɢɡ-
ɜɨɞɢɬɫɹ ɥɢɲɶ ɩɨ ɬɟɦ ɢɧɞɟɤɫɚɦ i , j  ɢ k ɞɥɹ ɤɨɬɨɪɵɯ δϕθ Vr kji ∈),,( . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ ɚɧɚɥɨɝɢɱɧɨ ɞɨɤɚɡɚɬɟɥɶɫɬɜɭ ɬɟɨɪɟɦɵ 6.  
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ABOUT CUBATURE FORMULAS OF HIGH-ORDER 

APPROXIMATION FOR A WIDE CLASS OF DOMAINS 

 

Silaev D. A., Korotaev D. O. 
 
 

This article is dedicated to use of 5
th
-order smoothing S-splines. Such splines are 

piecewise polynomial functions. First three coefficients are defined by condition 

of smoothing of 2
nd

 order, while another three coefficients – by method of mini-

mal squares. These splines are used for building of quadrature and cubature 

formulas of 6
th
 order of approximation for one-, two- and three-dimensional 

simply connected domains. Corresponding estimations are also given. 
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